Abstract. In this paper, we prove a generalization of the Schmidt's subspace theorem for polynomials of higher degree in subgeneral position with respect to a projective variety over a number field. Our result improves and generalizes the previous results on Schmidt's subspace theorem for the case of higher degree polynomials.
Introduction
In Diophantine approximation, the classical theorem of Roth [14] says that for an algebraic number α there are only finite rational numbers, whose denominators satisfy a certain bounded condition, close enough α. This result is stated as follows.
Theorem A. (Roth's theorem [14] ) Let α ∈ Q be an algebraic number. Let ǫ > 0. Then there are only finitely many rational number p/q ∈ Q satisfying α − p q < 1 q 2+ǫ . By Dirichlet's principle, the exponent (2 + ǫ) is the best possible. Later on, this result had been extended to the case of arbitrary number field instead of Q and also for a finite set of absolute values, not for only archimedean absolute values as above. We refer the readers to the works of Wirsing [23] and Schmidt [17] for this direction.
In another direction, Schmidt [18, Lemma 7] proved an interesting generalization of the Roth's theorem to the case of higher dimension, which is so called "subspace theorem". There are many authors extending and generalizing this result of Schmidt. Over the last decades much research on the subspace theorem has been done. Many results have been given, for instance [4, 5, 6, 15, 8] . To state some of them, we recall the following.
Let k be a number field. Denote by M k the set of places (equivalence classes of absolute values) of k and by M ∞ k the set of archimedean places of k. For each v ∈ M k , we choose the normalized absolute value | · | v such that | · | v = | · | on Q (the standard absolute value) if v is archimedean, and |p| v = p −1 if v is non-archimedean and lies above the rational prime p. For each v ∈ M k , denote by k v the completion of k with respect to v and set We put ||x|| v = |x| nv v . The product formula is stated as follows
We define the absolute logarithmic height of a projective point x = (x 0 : · · · :
By the product formula, this does not depend on the choice of homogeneous coordinates (x 0 : · · · : x m ) of x. If x ∈ k * , we define the absolute logarithmic height of x by
where log + a = log max{1, a}.
Let N = {0, 1, 2, . . .} and for a positive integer d, we set
, where
where k is an algebraic closure of k. Moreover, if {Q j } q j=1 (q ≥ N + 1) is in n-subgeneral position w.r.t. V then it is said to be in general position w.r.t. V .
We state here a general subspace theorem given by Vojta for the case of hyperplanes of a projective space in general position (i.e., the case of linear forms in general position). . Let k be a number field, S be a finite set of places of k containing all archimedean places and let H 1 , . . . , H q be hyperplanes of P n (k) in general position. Then for each ǫ > 0,
for all x ∈ P n (k) outside a union of finite proper linear subspaces.
As we known that there is a close relation between Nevanlinna theory and Diophantine Approximation due to the works of Osgood (see [10, 11] ) and Vojta (see [21] ). Especially, Vojta has given a dictionary which provides the correspondences for the fundamental concepts of these two theories. With this dictionary, the subspace theorem in Diophantine Approximation theory will correspond to the second main theorem in Nevanlinna theory. In 1991, by using the notion of Nochka weights in Nevanlinna theory [9] , Ru and Wong [15] gave a generalization of Theorem B as follows.
Theorem C (see [15, Theorem 4.1] ). Let k be a number field, S be a finite set of places of k containing all archimedean places and let H 1 , . . . , H q be hyperplanes in P n (k) in N−subgeneral position. Then for each ǫ > 0,
Later on, Corvaja-Zannier [6] and Evertse-Ferretti [5] gave a breakthrough result which generalizes the result of Vojta to the case where the hyperplanes are replaced by hypersurfaces. We state their results in a simple form as follows. 
for all x ∈ P n (k) outside a union of finite proper algebraic subvarieties.
Here, we note that Corvaja and Zannier considered the above result for the case of V = P n (k) and the general case of arbitrary subvariety X is proved by Evertse and Ferretti. Also the methods of two these groups of authors are different. While Corvaja and Zannier introduced a method of filtrating the spaces of homogeneous polynomials, Evertse and Ferretti gave a method of making use of Chow weights.
Motivated by the analogy between Nevanlinna theory and Diophantine approximation, after establishing a degenerated second main theorem, Chen, Ru and Yan [2] proved a Schmidt's subspace theorem for the case of hypersurface in subgeneral position as follows.
Theorem E (see [2, Theorem 1.3] ) Let k be a number field, S be a finite set of places of k and let V be an irreducible projective subvariety of P m (k) of dimension n. Let Q 1 , . . . , Q q be homogeneous polynomials of k[x 0 , . . . , x m ] in general position with respect to V . Then for each ǫ > 0,
for all x ∈ P m (k) outside a union of closed proper subvarieties of V .
However, while Theorem C of Ru and Wong is a natural generalization of the classical result of Vojta, the above result of Chen, Ru and Yan can not imply the result of Corvaja-Zannier-Evertse-Ferretti. Recently, in [12] , by introducing the method of "replacing hypersurfaces", we gave a general second main theorem in Nevanlinna theory for hypersurfaces in subgeneral position with respect to a subvariety. Adopting our technique in [12] , in this paper we will prove a Schmidt's subspace theorem for homogeneous polynomials in subgeneral position with respect to a projective variety. Our main result is stated as follows.
Main Theorem. Let k be a number field, S be a finite set of places of k and let V be an irreducible projective subvariety of P m (k) of dimension n. Let Q 1 , . . . , Q q be homogeneous polynomials of k[x 0 , . . . , x m ] in general position with respect to V . Then for each ǫ > 0,
We would like to note that, when the family of homogeneous polynomials is in general position, i.e., N = n, our above result will imply the Schmidt's subspace theorems of Corvaja-Zannier-Evertse-Ferretti and also previous authors.
Some auxiliary results
In this section, we recall the notion of Chow weights and Hilbert weights from [4, 5] . Let X ⊂ P m (k) be a projective variety of dimension n and degree ∆. We consider the unique polynomial
in n + 1 blocks of variables u i = (u i0 , . . . , u im ), i = 0, . . . , k. Then F X is called the Chow form associated to X and has the following properties:
are the hyperplanes given by u i0 x 0 + · · · + u im x m = 0.
Let c = (c 0 , . . . , c m ) be a tuple of real numbers. Let t be an auxiliary variable. We consider the decomposition
with G 0 , . . . , G r ∈ C[u 00 , . . . , u 0m ; . . . ; u n0 , . . . , u nm ] and e 0 > e 1 > · · · > e r . The Chow weight of X with respect to c is defined by e X (c) := e 0 .
For each subset J = {j 0 , ..., j k } of {0, ..., n} with j 0 < j 1 < · · · < j k , we define the bracket 
By the usual theory of Hilbert polynomials,
The u-th Hilbert weight S X (u, c) of X with respect to the tuple c = (c 0 , . . . , c m ) ∈ R m+1 is defined by
where the maximum is taken over all sets of monomials x a 1 , . . . , x a H X (u) whose residue classes modulo I form a basis of k[x 0 , . . . , x n ] u /I u .
The following theorems are due to Evertse and Ferretti [4, 5] . 
Lemma 2.2 (see [5, Lemma 5.1])
. Let Y be a subvariety of P q−1 (k) of dimension n and degree ∆. Let c = (c 1 , . . . , c q ) be a tuple of positive reals. Let {i 0 , ..., i n } be a subset of {1, ..., q} such that
Proof of Main Theorem
The following lemma is firstly introduced in [12] for the case k = C and is reproved in [13] for the general case of arbitrary number field and for even moving polynomials. 
Then there exists n homogeneous polynomial P 2 , ..., P n+1 of the forms
if necessary, without loss of generality we may assume that all Q i are of the same degree d. We may also assume that q > (N − n + 1)(n + 1).
For a given v ∈ S and for a fixed point x ∈ V (k), there exists a permutation (l 1,v,x , ..., i q,v,x ) of {1, 2, . . . , q} such that
We denote by P 1,v,x , ..., P n+1,v,x the homogeneous polynomials obtained in Lemma 3.1 with respect to Q l 1,v,x , ..., Q l n+1,v,x . It is easy to see that there exists a positive constant c 1 ≥ 1, which is chosen common for all v ∈ S, x ∈ V (k) and 1 ≤ i ≤ n + 1, such that
for all 1 ≤ t ≤ n + 1 and for all x = (x 0 : · · · : x n ) ∈ V (k).
Since Q 1 , . . . , Q q are in N−subgeneral position w.r.t. V , from the compactness of V and the finiteness of S there exists a positive constant A such that
for all v ∈ S and x ∈ V (k). Therefore, we have
where c 3 is a positive constant, which is chosen common for all v ∈ S, such that
The above inequality implies that
where c 4 is a constant depending only on Q i (1 ≤ i ≤ q).
We denote by I the set of all permutations of {1, ...., q}. Denote by n 0 the cardinality of I. Then we have n 0 = q!, and we may write that I = {I 1 , ...., I n 0 } where I i = (l i,1 , ...l i,q ) ∈ N q and I 1 < I 2 < · · · < I n 0 in the lexicographic order. For each I i ∈ I, we denote by P i,1 , ..., P i,n+1 the homogeneous polynomials obtained in Lemma 3.1 with respect to Q l i,1 , ..., Q l i,N+1 .
We consider the mapping Φ from V into P l−1 (k) (l = n 0 (n + 1)), which maps a point x ∈ V into the point Φ(x) ∈ P l−1 (k) given by 1,1 , . . . , a 1,n+1 , a 2,1 . . . , a 2,n+1 , . . . , a n 0 ,1 , . . . , a n 0 ,n+1 ) ∈ Z l ≥0 and y = (y 1,1 , . . . , y 1,n+1 , y 2,1 . . . , y 2,n+1 , . . . , y n 0 ,1 , . . . , y n 0 ,n+1 ) we denote y a = y
1,n+1 . . . y a n 0 ,1 n 0 ,1 . . . y a n 0 ,n+1 n 0 ,n+1 . Let u be a positive integer. We set
and define the space
which is a vector space of dimension n u +1. We fix a basis {v 0 , . . . , v nu } of Y u and consider the meromorphic mapping F from V into P nu (k) defined by
Fix x ∈ V . For a given v ∈ S, without loss of generality we may assume that
We define 
Then we may write
where
This implies that log
We note that L i,v,x depends on i and x, but the number of these linear forms is finite. We denote by L v the set of all L i,v,x occuring in the above inequalities (when i and x vary). Then we have 6) where the maximum is taken over all subsets J ⊂ L v with ♯J = H Y (u) and {L; L ∈ J } is linearly independent. From Theorem 2.1 we have
It is clear that
where c 4 is a constant not depending on x and v. Combining (3.6), (3.7) and the above remark, we get
(3.8)
Since P 1,1 , . . . , P 1,n+1 are in general with respect to X, By Lemma 2.2, we have
Then, from (3.2), (3.8) and (3.9) we have 10) where the term O(1) does not depend on x. Summing-up both sides of the above inequalities over all v ∈ S, we obtain for all x ∈ V outside a union of finite proper algebraic subsets. Since the height function h(x) is unbounded and there only finite points x ∈ V such that h(x) is bounded above by a certain positive constant, if we replace ǫ 2 by ǫ then the term O(1) in the above inequality can be absorbed. The theorem is proved.
